We present an exact solution on the ground state of a one-dimensional orbitally degenerate Hubbard model in the case of strong coupling, and the phase diagram in terms of electron filling and relevant parameters. The ground state is nondegenerate apart for spin SU͑2͒ symmetry and a fully saturated and metallic ferromagnet except the case of the quarter filling, at which a ferromagnetic Mott insulator transition occurs. The phase diagram shows coexistence of ferromagnetism and spin-triplet pairing superconductivity when the Hund coupling is sufficiently larger. A mechanism for spin-triplet pairing superconductivity and its possible relevance to the quasi-one-dimensional organic superconductor are proposed. ͓S0163-1829͑98͒00311-7͔
I. INTRODUCTION
Orbital degrees of freedom enrich the phase diagram of a strongly correlated electron system. Interplay of orbital and spin degrees of freedom produces a series of novel physical phenomena, such as metal-insulator transition, spin and orbital ordered states, and transport property anomaly. However, the complexity of strong correlation in these systems prevents us from a complete and deep understanding of physical properties by means of conventional approaches. As a theoretically simplified model, the orbital degenerate Hubbard model is attracting recent attention. Various approximations and computation methods, such as the perturbative projection technique, slave-boson, and dynamical mean field theory, and the quantum Monte Carlo method, are attempted to investigate the system. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] We expect to extract some rigorous results from the theoretical model, which are believed to be helpful for us to test the validity of approximate and numerical results.
Physically, metallic ferromagnetism is one of the most important, but fully mysterious phenomena in condensed matter physics. Recently, the understanding of ferromagnetism in strongly correlated electron system has made a lot of progresses. [12] [13] [14] [15] [16] [17] However all rigorous results are restricted to the insulating case. Relation of superconductivity and ferromagnetism is a long standing problem. 18 The coexistence of superconductivity and ferromagnetism is prospective for both theoretical curiosity and application. It would break through the limit of the conventional Bardeen-CooperSchrieffer ͑BCS͒ theory of superconductivity, and will provide a promising routine for looking for a superconductor with a high critical magnetic field.
An explicit form of the Hamiltonian for an orbitally degenerate Hubbard model is written as
where
͑where are Pauli matrices͒. In this model the total spin operator S tot ϭ ͚ i,␥ S i,␥ commutes with the Hamiltonian ͓S tot ,H͔ϭ0 and is a good quantum number. The maximum of total spin is N e /2 (N e is the number of electrons and N e Ͻ2N ٙ ). We call a state with the maximum of total spin a fully saturated ferromagnet. Due to spin SU͑2͒ symmetry, the state is always (N e ϩ1)-fold degenerate. Another hidden symmetry is of orbital degree of freedom:
These operators also obey SU͑2͒ algebra just as spin operators do. The total orbital spin commutes with the Hamiltonian when there is no hopping between different orbitals in H t .
In this paper we present a set of exact solutions on the ground state of a one-dimensional orbital degenerate Hubbard model in the case of strong coupling by means of the variational principle and the Bethe ansatz. We obtain a phase diagram for this system. The ground state is a metallic ferromagnet, except for the quarter filled case, in which a ferromagnetic Mott-insulator transition occurs. In the case of the strong Hund coupling between electrons on different orbitals, we discuss the coexistence of ferromagnetism and superconductivity, and its possible relevance with recent experimental observation of superconductivity in a quasi-onedimensional sample in the presence of a high magnetic field.
II. THE GROUND STATE SOLUTION

A. Exact solution of the ground state
Even for the one-dimensional case, it is still very difficult to solve the model exactly or to extract rigorous results from the model. Some numerical and analytical calculations were done. In the present paper, we limit our discussion to the case of strong coupling, i.e., U→ϩϱ so that the double occupancy of electrons on the same site of the same orbital is excluded. An equivalent Hamiltonian of Eq. ͑1͒ in the large U limit is reduced to
where 
where ͉0͘ is the vacuum state. The Schrödinger equation for
with the boundary conditions
for all iϽ j. The boundary conditions do not depend on spin indices. The conditions for i ϭ j comes from the Pauli exclusion principle, and the conditions for i ϭϪ j from the strong coupling limit on the same orbital. An observation in Eq. ͑6͒ is that the eigenvalues E are independent of spin distribution: the wave functions with different spin distributions satisfy the same set of equations. In other words, the spin degree of freedom is decoupled completely with the charge and orbital degrees of freedom in the wave function, which is similar to the one-band Hubbard model in the large U limit. 19 The wave function can be written in the form
is an arbitrary function of spin distribution. Substituting Eq. ͑7͒ into Eq. ͑6͒ we obtain
for all iϽ j. These equations for g are equivalent to those for a one-band Hubbard model with U eff if we regard the orbital indices in g as usual spin indices in the one-band Hubbard model. The solution for g is expressed by means of the Bethe ansatz as
͑9͒
where P and Q are two permutation of (1,2, . . . ,N). The coefficients ͓Q, P͔ are not independent of each other:
where Pϭ( P 1 , . . . ,P i ϭn,P iϩ1 ϭm, . . . ,P N ) and PЈ ϭ( P 1 , . . . ,P i
Јϭm,P iϩ1 Ј ϭn, . . . ,P N ). Now we come to consider H 2i . For each site i, there are four configurations of electrons after we exclude the double occupancy of electrons on the same site of the same orbital: empty, single occupancy and double occupancy of electrons on the same site of different orbitals. The double occupancy is characterized by spin singlet and spin triplet. The interaction energy of H 2i on a single site is J for double occupancy of spin singlet, and zero for other three configurations. Hence the lowest energy of H 2 for electrons Nр2N ٙ is always zero, and the state does not consist of on-site spin singlet. Suppose ͉⌿(g,)͘ one of the lowest energy states of H 1 with an arbitrary spin distribution . g is the lowest energy wave function in Eq. ͑9͒. The average energy of H 2 on this state is expressed as ͗⌿͑g,͉͒H 2 ͉⌿͑g, ͒͘ϭ ͚ iϽ j . . . ,x i , . . . ,x j , . . . ,x N ͒   ϫg͑x 1 , . . . ,x i , . . . ,x j , . . . ,x N ͒у0 ,
)ϭn/2 as U eff approaches Ϫϱ, and 0 as U eff approaches ϩϱ. To obtain the lowest energy of H 2 , all s(x i ,x j ) have to be zero. This condition can be satisfied by a fully saturated ferromagnetic state. Hence we have to choose the state with maximum of the total spin so that ͉⌿(g,)͘ is the lowest energy state of H 2 .
Since the the ferromagnetic state ͉⌿(g,)͘ is the lowest energy state of both H 1 and H 2 in Eq. ͑2͒ simultaneously, according to the variational principle, we draw a conclusion that the state ͉⌿(g,)͘ is the ground state of H in Eq. ͑1͒ in the case of large U limit. ͑The conclusion of ferromagnetism in the ground state is also true when the system contains more than two orbitals.͒
B. Nondegeneracy of the ground state
The ground state is nondegenerate when JϾ0, UЈ is finite and N e Ͻ2N ٙ . This is proved by using Perron-Frobenius theorem. 21 The theorem states that for a real, symmetric, and square matrix M ϭ͕m i j ͖ if ͑i͒ all its off-diagonal matrix elements are nonpositive ͓m i j р0 for any (i j)͔, and ͑ii͒ for any i, j we can always find an integer n such that (M n ) i j 0, its eigenvector with lowest value is unique and all elements in the vector are positive. In my problem here the Hamiltonian can be expressed in the form of sqaure matrix on the basis I choose. The Hamiltonian matrix satisfies the conditions of the Perron-Frobenius theorem.
͑i͒ Nonpositive off-diagonal matrix elements: Express H in a square matrix on the basis we choose. The nonzero diagonal matrix elements are UЈ and J due to the on-site density-density interaction and the Hund coupling between electrons in different orbitals, respectively. The nonzero offdiagonal elements are Ϫt due to the hopping terms, and ϪJ due the Hund coupling. As both Ϫt and ϪJ are negative, all nonzero off-diagonal matrix elements of H are nonpositive.
͑ii͒ All basis are connected through H: ͑a͒ the hopping terms connect all lattice sites, ͑b͒ finite UЈ allows the on-site double occupancy of electrons on different orbitals, and ͑c͒ the double occupancy and the Hund coupling allows permutation of spin indices of electrons on the same site. Combination of ͑a͒, ͑b͒, and ͑c͒ allows permutation of spin indices of electrons on the same orbital when the system is not half filled, i.e., N e ϭ2N ٙ . Successive applications of ͑a͒, ͑b͒, and ͑c͒ prove that all basis are connected.
From ͑i͒ and ͑ii͒, we come to conclude that under the conditions the ground state of H is nondegenerate. All coefficients are in the ground state ͓see Eq. ͑5͔͒ :
f ͑ x 1 , . . . ,x N ;␥ 1 , . . . ,␥ N ; 1 , . . . , N ͒Ͼ0.
The property provides us with an alternative way to show ferromagnetism in the ground state. We construct a state with all constant coefficients c, ͉͘. This state possesses the maximal total spin N e /2 if N e Ͻ2N ٙ . 22 Since overlap between the ground state and the state ͉͘ is always nonzero,
and both states are eigenstates of the total spin, they must have the same total spin.
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III. THE PHASE DIAGRAM OF THE GROUND STATE
Except for the fully saturated ferromagnetism in the ground state ͉⌿͘ of H, other physical properties related to the charge and orbital degrees of freedom are determined by solution g, which depends on the effective interaction Ũ eff and the electron filling. Formally g can be determined by Eq. ͑9͒. This solution has been discussed extensively. 24 For U eff Ͼ0, i.e., UЈϾJ, g is a solution for a positive U Hubbard model, and when U eff Ͻ0, g is a solution for a negative U Hubbard model. When UЈϭ0, g is a solution of free fermion gas with orbital degeneracy.
Using the technique of bosonization, 25 the low-energy charge and orbital density excitations are described by the effective Hamiltonian
c and o are the charge and orbital fields, respectively. A c 2 ϭ1ϩU eff / and A o 2 ϭ1ϪU eff /. The charge excitation is massless except for the case of quarter filling, i.e., n ϭN/N ٙ ϭ1. This indicates that the low energy charge excitation has no gap, and the system will be metallic.
A. Ferromagnetic Mott-insulator transition: Quarter filling
In the case of quarter filling, the charge excitation is massive when U eff Ͼ0, but massless when U eff Ͻ0. The energy gap for U eff Ͼ0 is expressed exactly as
where ϭU eff /4t and J 1 () is the first Bessel function according to Lieb-Wu solution. 20 The gap disappears when U eff Ͻ0. Hence there is a ferromagnetic Mott-insulator transition when the system is quarter filled. The low energy equation for the orbital excitation is very similar to that for the charge excitation at quarter filling, but the signs of interaction are opposite. When U eff Ͼ0, the orbital excitation is massless, but when U eff Ͻ0, the orbital excitation is massive, i.e., the low-energy orbital excitation has a gap. In fact the charge excitation at quarter filling and orbital excitation has a dual relation under a partial particle-hole transformation, which will map a positive U eff case to a negative case meanwhile the the charge excitation is mapped onto the orbital excitation and vice versa. A schematic phase diagram is shown in Fig. 1 .
B. Coexistence of ferromagnetism and superconductivity
A more interesting phenomenon in the ground state occurs in the case of U eff Ͻ0. Apart from spin SU͑2͒ symmetry, there is an additional SU͑2͒ symmetry for orbital degree of freedom. We have shown that the orbital excitation has a gap when U eff Ͻ0. A physical argument is that when U eff Ͻ0 electrons with opposite orbital spins and parallel spins tend to form spin triplet and orbital singlet. If we want to make an orbital excitation, we must break a pair, which will cost a finite energy. Following Bogoliubov and Korepin, 26 we find that the correlation functions of electron pairs with spin triplet and orbital spin singlet decays in a power law
, as n→ϱ,
where v F is the Fermi velocity and is the compressibility, and Ͼ0. Meanwhile the correlation function of single electrons decays exponentially:
Ϫn/ , as n→ϱ.
This indicates that the ground state has strong instability of superconductivity. In a realistic sample the quasi-one structure or small hopping between one-dimensional chains could suppress the quantum fluctuation and enhance the tendency to form superconductivity. Hence the gound state of U eff Ͻ0 is a coexistence of ferromagnetism and superconductivity.
IV. DISCUSSIONS
The coexistence of ferromagnetism and superconductivity is a phenomenon in condensed matter. There have been a lot of theoretical investigations of spin-triplet pairing superconductivity.
27-30 ͑Liquid 3 He is a spin-triplet superfluid.
31 ͒ Shelton and Tsvelik 11 presented a onedimensional example that superconductivity of spin triplet pairs occurs in the case of finite U by using the bosonization technique. As far as I know there is no discussion on coexistence of ferromagnetism and superconductivity. At present there is some indirect experimental evidence to support the coexistence of ferromagnetism and superconductivity. Recent experiment on a quasi-one dimensional organic superconductor (TMTSF) 2 PF 6 by Lee et al. 32 shows that superconductivity survives in a high magnetic field. In a spin singlet pairing superconductor, electron pairing takes place between electrons with opposite spins, but electron spins tend to align parallel in a magnetic field. The limit of the paramagnetic limiting field for breaking an isotropic pairing is given by H p ϭ1.84T c where T c is the critical temperature. 33 Compared with spin-singlet pairing, the spintriplet superconductor is not limited by this magnetic field although H p is usually much larger than the critical field H c . 29 (TMTSF) 2 PF 6 is a type-II superconductor. Lee et al. measured the critical magnetic field H c2 along the c direction and found that H c2 is much larger than H p , which suggests that full polarization of electron spins takes place in the sample.
Here we make a theoretical speculation, although more evidence is needed to relate our work with the superconductivity in (TMTSF) 2 PF 6 . Our soluble model provides a possible mechanism of superconductivity with fully polarized spins. When we consider the Hund coupling between electrons on different chains ͓in (TMTSF) 2 PF 6 it should be on chains, not orbitals͔, electrons on different chains tend to form a spin-triplet pair, which has a lower energy than spin singlet pair. When the Hund coupling is stronger that the on-site interaction UЈ, the electrons with parallel spins on different chains will ''feel'' an attractive interaction, which will drive the electrons to form spin-triplet, and orbital spinsinglet pairs, further to form superconductivity. In presence of an external magnetic field the spin fluctuation is suppressed and it is easier to form a ferromagnetic state, in which the attractive interaction is enhanced. In other word, the external magnetic field will enhance the superconductivity in our model, not suppress superconductivity as in a conventional BCS superconductor. In summary, we obtain the exact solution of the nondegenerate ground state of an orbital degenerate Hubbard model in the strong coupling limit ͓apart for (2Sϩ1)-fold SU͑2͒ degeneracy͔. We showed that the state is fully saturated ferromagnetic. At quarter filling, a ferromagnetic Mott insulator occurs, which depends on the difference between the on-site interaction and the Hund coupling. Except for quarter filling, the charge excitation is gapless and the state is metallic. When the Hund coupling becomes strong, the charge and orbital part of the wave function is determined by an attractive one-band Hubbard model. It indicates that Hund strong coupling will lead to proof that ferromagnetism and superconductivity coexit. In this case we expect that superconductivity survives in the presence of a relatively higher magnetic field.
